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which is the statistical weight of this element of phase
space. In addition, the electron has two possible spin
orientations; so the total statistical weight of this
element of phase space for a free electron is

The statistical weight per unit volume is then

The decline in strength at higher temperatures is
due to thermal ionization. To see how this happens, one
can (in principle) apply Boltzmann's law to electrons
in the continuum of energy levels, and obtain

A complication now enters, in that there may
already be some free electrons that have originated in

Problem 6.1. What fraction of the neutral hydrogen
atoms are in the n = 2 level at a temperature of
10,000 K?

Here Xn = E~ - En is the ionization energy of the
electron originally in the state n, E~ + 12 m,v2 is the
energy of the continuum electron, Nj(v) stands for the
density of ions whose free electron has velocity v, and
g(v) is the statistical weight of the free electron of
velocity 11 . .

.----- This last quantity is somewhat trick; ; evah;;;e:--. __ ~..
To obtain it, one must go back to the foundations of the !.

quantum mechanics of unbound systems, where one
finds that the state of a free particle is specified by its
three position coordinates, x, y, z, and its three
momentum coordinates, Pcp PY' pz. According to quan-
tum mechanics, the number of quantum states (i.e.,
states for which the statistical weight is unity) in an
element of phase space dx dy dz dpx dpy dpz = dN is
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N
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The energies En are positive, and are measured from
the ground state Eo = O. Actually, Z(n as given by
(6.10) is infinite, because (En)max = Xn' the binding
energy; and gn increases with n (there are an infinite
number of states from which the electron could be
removed). This difficulty is removed in principle by
observing that in a gas the presence of neighboring ions
and electrons spreads the atomic energy levels over a
narrow energy range t::.E. As a result, all levels whose
separation from their neighboring levels is less than
t::.E merge into the continuum, thereby removing from
the discrete spectrum all levels with n greater than a
finite value nco Another way of phrasing this is to say
that interparticle interactions depress the continuum.
Finding a value for nc in practice may be quite
complicated. Usually only the lowest states enter, and
nc is small.
The relative populations of two levels of the same

atom follow directly from (6.9), as

The partition function cancels in this case.
Formula (6.11) has immediate application to stellar

spectra. For example, consider the Ha absorption line.
Since this transition is from the n = 2 level, we will
have an appreciable number of H atoms in that level
capable of absorbing H,,, if the Boltzmann factor
e~£,/kT is not negligibly small. Therefore we must have
kT"" E2, where E 2 is the excitation energy of the n = 2
level above the ground state. Since E2 = 10.2 eY, and
Boltzmann's constant is k = 8.6167 X 10-5 eY deg-I,
we have T "" 1.2 x I05K. Since a temperature of
120,000 degrees is somewhat higher than we find in
the atmosphere of the Sun, we do not expect to see very
strong H" absorption there, and indeed we do not,
although it is certainly present. However, if we look at
hotter stars, we do find the H" absorption strength
increasing. It reaches a maximum strength in the
spectra of A stars such as Sirius, which have atmos-
pheric temperatures in the neighborhood of 10,000 K.
At higher temperatures, the strength declines again.
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The ratio of these is thus N(Na +)/ N(H+) "" 107• If we
now examine the table of abundances in the solar
atmosphere, Table 6.2, we see that the exponential
factor in the ionization equation just about makes up
for the abundance deficiency of sodium relative to
drogen (which is '" 10-6). Thus, in the solar atmo-

sphere, the free electrons present are almost all from
atoms of low ionization potential, such as sodium, Ca,
AI, etc. These free electrons, from the metals, will
determine the ionization of hydrogen through ne in the
Saha equation. We see therefore that certain species of
atoms can be very significant in stellar atmospheres,
even though their abundance is very low compared to
that of hydrogen. In particular, variations in metallic
abundance from one star to another may have major
effects on the physical state of the material, especially
its ionization equilibrium.
One case of practical interest occurs in stars whose

metal abundance is low compared to the Sun's, such as
Population II stars. Consider the effect on the spec-
trum of a star like the Sun if the abundance of the

We can learn several things of astrophysical signifi-
cance from this equation. First~ other things being
equal, atoms with low ionizatiQll. p.otelJti~ilLb.e
relatively more ionized at any gjx.en tempcratuz:e...tban
~s of higher p.9jential.Jo illustrate some of the
consequences of this almost trivial remark, examine
Table 6.1, which shows ionization potentials for the
chemical elements. We see that, of the common ele-
ments, He and Ne are the hardest to ionize (x in excess
of 20 eV), H, C, N, 0, F, P, S, CI, Ar, are the next
(X between 10 and 20 eV), and the easiest are Li, Na,
Mg, AI, K, Ca, Si, etc. (x around 5 eV). To get some
idea of this effect, compare the exponential factor
alone in the Saha equation for sodium and for hydro-
gen, in the solar atmosphere, with T "" 6,000 K. We
have

In practice, it is rarely necessary to worry about this
distinction, since there will always be other, more
significant things to worry about. Finally, another way
of writing equation (6.16) is to multiply both sides by
kT and use the electron pressure Pe = nekT to get

N(Na+) "" e-S.16eV/kT,

N(H+) "" e-13.6eV/kT.
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There is one more correction to take care of: the ion
that remains may have its own statistical weight,
corresponding to whatever state it is left in. Hence we
multiply by a factor gi, the statistical weight of the ion.
We thus arrive at

We now integrate (6.14) over all values of the total
momentum, using the variable change p2 = p/ +
p/ + p/, and get

other atoms, which occupy some of the available states
in the element of phase space dN. The usual argument
made in allowing for such electrons is that if the
electron number density is n" then the effective vol-
ume available to a thermally ionized electron is
reduced from unit volume to a volume 1/ ne• Thus the
statistical weight available to the "ionizing electron"
is

per unit volume. Therefore,

n N () 2 e-x./kT
e i V -p2/2m,kT d d d (6.14)N = h3 --- e Px Py P"~

n gn

which is known as Saha's e~n. In most applica-
tions, we take n = I, so that we refer everything to the
density of atoms in the ground state. For some pur-
poses, however, it is more useful to have the total
density of neutral atoms in all states, in which case we
get essentially the same result with the partition
function (measured from the ground state with £1 = 0)
replacing gl' In a similar way, we can allow for the
distribution of the ion over its possible energy states by
writing the partition function of the ion instead of gi'
Thus we have, in general
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•Table 6.1
Ionization potentials (eY). The first two columns give atomic numbers and chemical elements. The remaining columns give the
ionization potentials for the neutral atom (I), first ionized state (II) and so on.

Ionization potential (electron volts)

Atomic
number Element II III IV v VI VII VIII IX X XI XII XIII

H 13.598
He 24.587 54.416

3 L; 5.392 75.638 122.451
4 Be 9.322 18.211 153.893 217.713
5 B 8.298 25.154 37.930 259.368 340.217
6 C 11.260 24.383 47.887 64.492 392.077 489.981
7 N 14.534 29.601 47.448 77.472 97.888 552.057 667.029

8 0 13.618 35.116 54.934 77.412 113.896 138.116 739.315 871.387

9 F 17.422 34.970 62.707 87.138 114.240 157.161 185.182 953.886 1.103.089

10 Ne 21.564 40.962 63.45 97.11 126.21 157.93 207.27 239.09 1,195.797 1,362.164

II Na 5.139 47.286 71.64 98.91 138.39 172.15 208.47 264.18 299.87 1.465.091

12 Mg 7.646 15.035 80.143 109.24 141.26 186.50 224.94 265.90 327.95 367.53 1,648.659

13 AI 5.986 18.828 28.447 119.99 153.71 190.47 241.43 284.59 330.21 398.57 1,761.802 1,962.613

14 Si 8.151 16.345 33.492 45.141 166.77 205.05 246.52 303.17 351.10 401.43 442.07 2.085.983 2,304.08

15 P 10.486 19.725 30.18 51.37 65.023 220.43 263.22 309.41 371.73 424.50 476.06 523.50 2.437.67

16 S 10.360 23.33 34.83 47.30 72.68 88.049 280.93 328.23 379.10 447.09 479.57 560.41 611.85

17 CI 12.967 23.81 39.61 53.46 67.8 97.03 114.193 348.28 400.05 455.62 504.78 564.65 651.63

18 Ar 15.759 27.629 40.74 59.81 75.02 91.007 124.319 143.456 422.44 478.68 529.26 591.97 656.69

19 K 4.341 31.625 45.72 60.91 82.66 100.0 117.56 154.86 175.814 503.44 538.95 618.24 686.09

20 Ca 6.113 11.871 50.908 67.10 84.41 108.78 127.7 147.24 188.54 211.270 564.13 629.09 714.02

21 Se 6.54 12.80 24.76 73.47 91.66 111.1 138.0 158.7 180.02 225.32 591.25 656.39 726.03

22 Ti 6.82 13.58 27.491 43.266 99.22 119.36 140.8 168.5 193.2 215.91 249.832 685.89 755.47

23 V 6.74 14.65 29.310 46.707 65.23 128.12 150.17 173.7 205.8 230.5 265.23 291.497 787.33

24 Cr 6.766 16.50 30.96 49.1 69.3 90.56 161.1 184.7 209.3 244.4 255.04 308.25 336.26

25 Mn 7.435 15.640 33.667 51.2 72.4 95 119.27 196.46 221.8 248.3 270.8 298.0 355

26 Fe 7.870 16.18 30.651 54.8 75.0 99 125 151.06 235.04 262.1 286.0 314.4 343.6

27 Co 7.86 17.06 33.50 51.3 79.5 102 129 157 186.13 276 290.4 330.8 361.0

28 Ni 7.635 18.168 35.17 54.9 75.5 108 133 162 193 224.5 305 336 379

29 Cu 7.726 20.292 36.83 55.2 79.9 103 139 166 199 232 321.2 352 384

30 Zn 9.394 17.964 39.722 59.4 82.6 108 134 174 203 238 266 368.8 401• 31 Ga 5.999 20.51 30.71 64 274 310.8 419.7

32 Ge 7.899 15.934 34.22 45.71 93.5
33 As 9.81 18.633 28.351 50.13 62.63 127.6
34 Se 9,752 21.19 30.820 42.944 68.3 81.70 155.4

35 Br 11.814 21.8 36 47.3 59.7 88.6 103.0 192.8

36 Kr 13.999 24.359 36.95 52.5 64.7 78.5 111.0 126 230.9

37 Rb 4.177 27.28 40 52.6 71.0 84.4 99.2 136 150 277.1

38 Sr 5.695 11.030 43.6 57 71.6 90.8 106 122.3 162 . 177

39 Y 6.38 12.24 20.52 61.8 77.0 93.0 116 129 146.2 191 324.1

40 Zr 6.84 13.13 22.99 34.34 81.5 206 374.0

41 Nb 6.88 14.32 25.04 38.3 50.55 102.6 125

42 Mo 7.099 16.15 27.16 46.4 61.2 68 126.8 153

43 Te 7.28 15.26 29.54
44 Ru 7.37 16.76 28.47
45 Rh 7.46 18.08 31.06
46 Pd 8.34 19.43 32.93
47 Ag 7.576 21.49 34.83
48 Cd 8.993 16.908 37.48
49 In 5.7K6 18.869 28.03 54

50 Sn 7.344 14.632 30.502 40.734 72.28

51 Sb 8.641 16.53 25.3 44.2 56 108

52 Te 9.009 18.6 27.96 37.41 58.75 70.7 137

53 I 10.451 19.131 33.
54 Xe 12.130 21.21 32.1
55 Cs 3.894 23.1
56 Ba 5.212 10.004
57 La 5.577 11.06 19.175

SOURCE: Adapted from E. Novotny. Introduction to Stellar Atmospheres and Interiors (London: Oxford University Press, 1973). Original data from C. E.

Moore. Ionization Potentials and loni=ation Limits from the Analysis of Optical Spectra, NSRDS-N BS34 (Washington. D.C.: Department of

Commerce. 1970).

•
metals were reduced. Since these contribute substan-
tia.lly to the electron pressure, the electron pressure
will go down. An important consequence is the
increased ionization of H -, that is, a reduction in the
H - abundance. Since H - is the major contributor to

the continuous opacity in the solar spectrum, the
continuous opacity is reduced as a result of reduced
metal abundance. A further effect in solar-type spec-
tra is a reduction in metallic line blanketing, the
general effect of the combined absorption of all the
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SOURCE: Adapted from A.G. W. Cameron, "A Critical Discussion of the Abundances of Nuclei," in Explosive Nucleosynthesis. ed. D. N. Schramm and
W. D. Arnell (Austin: University of Texas Press, 1973).

Table 6.2
Solar abundances of chemical elements, normalized such that the abundance of Si is 10•. The abundances are typical
of Population I stars.

Element Abundance
.

Element Abundance Element Abundance

IH 3.2 x 10'0 29 Cu 540 58 Ce l.l8
2 He 2.1 x 10'0 30 Zn 1244 59 Pr 0.149
3 Li 49.5 31 Ga 48 60 Nd 0.78'
4 Be 0.81 32 Ge 115 62Sm 0.226
5 B 350 33 As 6.6 63 Eu 0.085
6C l.l8 x 107. 34 Se 67.2 64 Gd 0.297
7N 3.74 x 10. 35 Br 13.5 65 Tb 0.055
80 2.15 x 107 36 Kr 46.8 66 Dy 0.36
9F 2450 37 Rb 5.88 67 Ho 0.079
10 Ne 3.44 x 10. 38 Sr 26.9 68 Er 0.225
II Na 6.0 x 10' 39 Y 4.8 69Tm 0.034
12 Mg 1.061 x 10. 40 Zr 28 70 Yb 0.216
13 AI 8.51 x 10' 41 Nb 1.4 71 Lu 0.036
14 Si 1.00 x 10. 42 Mo 4.0 n Hf 0.21
15 P 9600 44 Ru 1.9 73 Ta 0.021
16 S 5.0 x 10' 45 Rh 0.4 74 W 0.16
17CI 5700 46 Pd 1.3 75 Re 0.053
18 Ar l.ln x 10' 47 Ag 0.45 76 Os 0.75
19 K 4200 48 Cd 1.48 77 Ir 0.717
20Ca 7.21 x 10' 49 In 0.186 78 Pt 1.4
21 Sc 35 50Sn 3.6 79 Au 0.202
22 Ti 2775 51 Sb 0.316 80 Hg 0.4
23 V 262 52 Te 6.42 81 TI 0.192
24 Cr , 1.27 x 10' 53 I 1.09 82 Pb 4
25 Mn 9300 54 Xe 5.38 83 Bi 0.143
26 Fe 8.3 x 10' 55 Cs 0.387 90Th 0.058nco 2210 56 Ba 4.8 92U 0.0262
28 Ni 4.80 x 10' 57 La 0.445

of a given atomic species will be greater. This is one
important example of how density affects the physical
state of the stellar material, and is one reason why we
see spectral differences between stars of the same
surface (or effective) temperatures, but differing grav-
ities (e.g., between giant and dwarf stars of the same
Tcff)'
We may also make a remark at this stage about the

sequence of spectral classification, described in all
basic astronomy texts. This sequence (0, B, A, F, G,
K, M) is a classification based on the strengths of the
lines in the spectrum. The strength of an absorption
line depends on the number of atoms in the state (lower
energy level) capable of absorbing that line. In stars
like the Sun, most of these lines are from neutral
atoms. Now, a giant star of the same temperature as a
dwarf star has a lower atmospheric density and hence
a higher degree of ionization than the dwarf. Thus the
density of neutral atoms is somewhat less. In order to
make the density of neutral atoms that are in the state

metallic lines in the spectrum, which in effect run
together to increase the effective continuum opacity.
This effect is also reduced when the metallic abun-
dance is reduced.
Overall, then, the metallic lines weaken and the

continuum opacity goes down relative to the HI lines,
which seem stronger as a result. Because of this
spectral change, such stars may easily be misclassified
as being of an earlier spectral type than corresponds to
their true atmospheric temperature, or as subluminous
stars or subdwarfs.
A similar effect occurs for two stellar atmospheres

of identical effective temperatures, but differing sur-
face gravities. This is most easily seen in the grey
atmosphere approximation, where the T(T) relation is
fixed, so that the pressure at a given T is essentially
proportional to the value of g, as is the density. Hence
the overall densities will be lower in a stellar atmo-
sphere of lower surface gravity. The electron densities
will also be lower, and hence the amount of ionization'
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Figure 6.2. Dependence of spectral type on luminosity class for main sequence stars
(V), giants (III) and supergiants (I). The line MS is line of constant spectral type.
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g2 -E./kT[1 2Z, (27rm,.kT)J/2 -x"/kT]-'N
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The Saha formula defines a relation between the
degree of ionization and the electron density and
temperature, x(n,,T). We may combine the Saha and
Boltzmann formulas to give the density of atoms in a
given energy state of a given state of ionization of an
atomic species. For example, the den'sity of neutral
hydrogen atoms in the n = 2 state is given by

Problem 6.2. How does the temperature of the
hydrogen ionization zone vary with ne? Hint: define the
temperature of the ionization zone by the maximum
rate of change of x: hence set d2x/dt2 = a there

electron pressure. Similarly, there is a helium ioniza-
tion zone at 15,000 K, and a second ionization zone at
30,000 K.

6.2. THERMAL EXCITATION AND IONIZATION

(6.19)X 2Zi (27rm,kT)J/2 ~xo/kT
--=-- J e .
1 - x n,Zo h

Thus the Saha equation can be written

Ni
x=---
. Ni + No'

Figure 6.3 shows the degree of ionization of H and He
calculated from this formula, with a constant electron
pressure P, = 10 dyne em ~2. An interesting feature is
immediately apparent. Except in a narrow range of
temperatures, which we may describe as the ionization
zone, hydrogen is either completely ionized (x = 1) or
completely neutral (x ~ 0). The hydrogen ionization
zone occurs at around 10' K, for this particular

able to absorb a given line the same as it is in a dwarf,

•

''1e must lower the temperature slightly (Figure .6.2).
-l.ence the statement in elementary astronomy texts
that the spectral classification sequence is a tempera-
ture sequence is not quite correct. A giant star will
generally have a somewhat lower temperature than a
dwarf star of the same spectral class.

Finally, we note that the degree of ionization, x, is
defined as the ratio of the ion density to the total
density of the species of atom:

•

•



Figure 6.3. (a) Fractional ionization of hydrogen versus temperature (solid curve is electron
pressure P, ~ 10 dynes/em'; dashed curve is P, ~ I dyne/em'). (b) Fractional ionization of He (for
P, ~ I and P, - 10 dynes/cm').

(6.20)

molecular weight as a function of T for a given total
chemical composition. The calculation is in principle
straightforward, though tedious. Tables 5.2 to 5.4 give
the electron density, mean molecular weight, and gas
pressure as a function of T and p. for three model
atmospheres.
The Saha equation was derived in the preceding

from purely statistical arguments, assuming only that
the ionization and excitation processes were in equilib-
rium; for example, denoting an arbitrary ion by A

j
,

ionization may be written as a reaction

1.0 HI HII
\
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where N H ~ Nj + No. This shows that the strength of
the Ha absorption declines at temperatures higher than
around 10,000 K as ionization sets in.
Given the Saha ionization equation, and a list of

total abundances, we can find the degrees of ionization
of all atomic species. Since we then have the density of
all particles as a function of n. and T,we can calculate
one of the basic parameters in the equations of stellar
structure: the mean molecular weight as a function of
n. and T. Actually, since the stellar material must be
electrically neutral, there is an additive relation
between n. and the densities of the ionic species that in
effect determine n•. Therefore, we have the mean
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Problem 6.3. The chemical potential for a non de-
generate ion, electron, or atom can be written as

(6.24)

This is similar to the law of radioactive decay, which
arises in the same way: the nuclei have a constant
probability of decay per unit time. It follows from
(6.24) that the mean life of the atoms in the upper
energy state against transitions to the lower state n is
Anm-I• This ignores the possibility of transitions to
other levels. The total transition probability out of
level n to all other states of lower energy (m < n) is

~hv

Problem 6.4. Prove (6.24), using the definition of
Anm.

Figure 6.4. Atomic transition from excited state n to
state m (radiative decay).

factor, exp(-EjkT). We can also consider the
detailed quantum processes going on which, in equilib-
rium, must give rise to the same distribution of atoms
over their possible quantum states as predicted by the
general laws of thermodynamics.
The quantum processes that take place in matter

are essentially statistical in nature, and are character-
ized by a probability per unit time that a certain
process will take place. For example, consider two
energy levels, nand m, in an atom, and imagine that
the atom is in the upper state n (Figure 6.4). The
probability that the atom will spontaneously make the
transition to the lower level, with the emission of a
photon of frequency v = (En - Em) j h is an atomic
constant, depending only on the structure of the atom.
(Quantum-mechanically, it depends on the overlap
integral of the wave functions corresponding to the two
energy states.) We introduce the Einstein transition
probability Anm to describe this process. As an exam-
ple, for Ha, Anm = 108 sec-I. If we have Nn(O) atoms in
level n at time t = 0, the number of atoms in that level
at time t will be given by the exponential law

(623)

(6.21 )

(6.22)

A + B=-C+ D.

!LA + !La = !Lc + !LD'

A basic law of thermodynamics states that in equilib-
rium the sum of the chemical potentials of the reac-
tants counted once for each particle must equal the
sum of the products counted once for each particle.
Denoting the chemical potentials by !L, the reaction
(6.21) is described by

In particular, no basic assumptions were made about
the interactions involved in the reaction. This suggests
that a Saha-type equation could be obtained for other
nonelectromagnetic reactions occurring in equilibri-
urn. This is indeed the case.
Consider the reaction, assumed to occur in equilib-

rium at temperature T,

[
Q ( mT )3/2]

J.Li = - kTln ~ 21r'h2 + Xi,

where i designates the ion, atom, or electron, and Xi is
nonzero only for the electron, in which case it is the
ionization energy. Derive the Saha equation from the
equilibrium condition (6.22). The chemical potential of
the photon is zero.

Since the chemical potentials may be expressed as
functions of T and the number density of particles nA,
etc., direct substitution into (6.22) yields the Saha
equation.

This method may be used to obtain, for example, the
number densities of nuclei in the photodisintegration
reaction Fe56 + ')'=- 13 He4 + 4n, or the particles in
the weak interaction process p + e- =- n + Ve, given
the chemical potentials for the various particles.

The results of Section 6.2 on thermal ionization and
excitation derive from the application of classical
thermodynamic results, in particular the Boltzmann

6.3. DETAILED BALANCING, TRANSITION
PROBABILITIES, AND LINE OPACITIES
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