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ABSTRACT

This is a supplemental equation sheet to accompany my post about cold

gas in the interstellar medium on the AY201b wordpress site: http://ay201b.

wordpress.com/2011/02/17/the-cold-ism-atomic-21-cm-molecular/.

AY201b is a graduate astronomy class taught at Harvard University by Alyssa

Goodman. Many of the equations and figures used in this writeup are gathered

from our class textbook, Physics of the Interstellar and Intergalactic Medium,

by Bruce T. Draine, Copyright 2011, Princeton University Press. Link to the

textbook on Amazon.com. All figures used with permission of Bruce Draine.

1. Optical Characteristics of HI Regions (Chapter 8 1)

Recall the radiative transfer equation written in terms of temperatures instead of inten-

sity (we are on the Rayleigh-Jeans tail of the blackbody spectrum):

TB(ν) = Tbg(ν) exp(−τν) + Ts(1− exp(−τν)) (1)

When we observe a source, we measure

∆TB = TB − Tbg (2)

Combining these equations, we have
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∆TB = (Ts − Tbg)(1− exp(−τ)) (3)

Remember that

τ ∝ N/Ts (4)

Depending on the optical depth τ , we can then divide observations into two regimes:

1.1. The Optically Thin Case

τ << 1 (5)

If we assume that Tbg goes to 0, and expand the exponential then we have

TB = Tsτ = Nν/C (6)

and TB is a linear measure of column density. This means that within the optically thin

regime, if you have more material, then you will see more emission.

1.2. The Optically Thick Case

τ >> 1 (7)

TB = Ts (8)

Here, we only see to the τ = 1 surface (similar to a stellar photosphere) and the observed

brightness temperature TB is independent of the column density N , it only depends on the

temperature of the gas, Ts.
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2. Characteristic Level Populations

For the spin flip of 21-cm HI, Ts = Texc, and the population levels are given by the

Boltzmann equation

nu
nl

=
gu
gl

exp(
−hνul
kTex

) (9)

2.1. The HI 21-cm Line Profile

21cm emission is generated from the spin-flip of a neutral hydrogen atom (Fig 1).

Fig. 1.— Hyperfine splitting of the 1s ground state of atomic hydrogen. Figure 8.1 from

Draine.

From Radiative Processes in Astrophysics, remember that the absorption coefficient is:

αν =
hν

4π
nlBlu[1− exp(

−hν
kTex

)]φ(ν) (10)

and for energies hν << kTex we are in the Rayleigh-Jeans tail of the Planck law:

αν =
hν

4π
nlBlu

hν

kTex
φ(ν) (11)

Since optical depth is τν(s) =
∫ s
s0
αν(s)ds,
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we have (as long as Tex is independent of path length s),

τν =
(hν)2

4π

Blu

k
φ(ν)

∫
nl
Tex

ds (12)

And then the column density N is

N =

∫
nds (13)

so

τν =
(hν)2

4πk
Bluφν

Nl

Tex
(14)

For hν
kTex<<1

we have nu

nl
= gu

gl
. So for 21-cm transition where gu = 3 and gl = 1,

Nu = 3Nl (15)

Ntotal = 4Nl (16)

For the 21cm line, we use ν =1420 MHz, and the (elsewhere) calculated value of Blu,

and we arrive at the relationship

τν = 5.49× 10−14Ntotalφ(ν)

Tex
(17)

If we assume some line profile and integrate over it
∫
φ(ν)dν = 1, there is the relation-

ship,

τν =
Ntot

C × Ts
(18)

where C = 1.82× 1013 in cgs units. . .

Where the 21-cm HI is optically thin, we will measure the column density. Generally, in

cold dark clouds there will not be much background radiation, therefore the spin temperature

will be close to the kinetic temperature. This will not be true for photodissociation regions

where there is ionizing radiation.

3. Line Profile

For a photon emitted by an atom at rest

∆E∆t ≥ ~ (19)

2π∆ν∆t ≥ 1 (20)
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The occupation time of the upper state is ∆t = 1/Aul. For 21cm HI, we have Aul ≈
3× 10−15/s which gives a natural width to the line profile of ∆νnat = A/2π = 5× 10−16Hz.

However, this is inconsequential compared to any bulk motion or Doppler broadening of the

gas, and this is true of all molecular observations.

Actual line shapes are determined by bulk motions and the temperature distribution

along the line of sight, where radiative transfer gives the overall profile.

For example, if

• Tbg > Ts then absorption profile.

• Tbg < Ts then emission profile.

• Tbg = Ts nothing. Consider extragalactic HI at 3 K.

See Figure 2 for a representation of the observed HI line profile.

Warm HI absorbs very weakly, therefore it is hard to put an upper bound on Ts for the

warm neutral medium.

The median Ts for the cold neutral medium is 70 K. nH of 35/cm3.

4. Using HI in Absorption and Emission together to get τ, Ts

We can measure the spin temperature of the HI in the absorbing region, THI, by observing

and off the source (Fig 3).

Assume that the background source illuminating the cloud is at Tc and the general

background is at T2.7.

Ton = Tce
−τ + T2.7e

−τ + THI(1− e−τ ) (21)

Toff = T2.7e
−τ + THI(1− e−τ ) (22)

Subtracting these two

Ton − Toff = ∆T = Tce
−τ (23)

gives a measurement of τ directly.

∆Toff = (THI − T2.7)(1− e−τ ) = Toff − T2.7 (24)
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Fig. 2.— Figure 29.1 from Draine.

So, subtracting Eqn 23 from Eqn 24 gives THI, the spin temperature of the HI in the

absorbing region.

Equations 8.24 and 8.25 from Draine give,

τ(ν) = ln

[
TRS − Tsky
Ton − Toff

]
(25)

Ts(ν) =
ToffTRS − TonTsky

(TRS − Tsky)− [Ton − Toff ]
(26)

As a rule of thumb, remember that the spin temperature Ts, will always be between

the kinetic temperature, Tk, (which is a measure of the thermal motion of the gas) and the

background radiation temperature, TB. Depending on the situation, TB might be larger than

Tk, and vice versa.
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Fig. 3.— On-source and off-source observation geometry. RS is a radio source. Fig 8.2 from

Draine.
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